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Image Processing & Energy Minimization

I Image Processing problems can be cast @ariational/energy minimization
problems.

I General variational problem:

muin R(u) + F(u;uo)

whereR is the regularization term andF is the data-based term.

) A minimizer u” is a solution of the IP problem.

1See e.g. books [Chan-Shen-06, Aubert-Kornprobst-06] -



Denoising and Segmentation as Variational Problems

I Denoising(e.g. [Rudin-Osher-Fatemi-88]):

min | [Vul+ [ (u — uo)?

R(u) F(u,ug)
Regularization Fidelity

I Segmentation(e.g. [Chan2Vese-01]):

min r_e{§)_}+ n(uo Cin)2+ (uo Cou1)2
R() | {z }

F( :up)

boundary of >
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Registration and Surface Reconstruction as Variationablflems

I Registration (e.g. Optical ow-based registration [Horn-Schunck-81})

I Surface Reconzstructior(e.g. [Savadjiev-Ferrie-Siddiqi-03]):

min re{g)} < N ;Np >; where N, is the orientation of the data points.

pora N KR
F( §Np)
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RegularizationR(u) Guarantees Existence & Regularity of Solutions

I Existence of solutions is usuallpot a problembut it is better to have the
guarantee For example, the anisotropic di usion model of
[Perona-Malik-90] has actually no solution ([Catte-Lion#/orel-Coll-92])

) Numerical devices needed to overcome this.

I Existence of solutions igjuaranteed with the regularization termR(u)
[Tikhonov-43] which also gives some speci tegularity propertiess.a.
anisotropic smoothing (which preserves edges) [Rudin-Ostiatemi-92].

5/35



Uniqueness of Solutions

I No unique solution in generalmost existing algorithms such as the level
set method [Osher-Sethian-88] depend on the initial conditi.

I This is the "curse of non-convexity'! Note that several important
variational problems in image processing are not convex:
In fact the great watershed in optimization isn't between liearity and
nonlinearity, but convexity and non-convexityR. T. Rockafellar.

I Convex vs Non-convexconvexity guaranteeglobal solutions (e.g.
Rudin-Osher-Fatemi denoising model) but non-convexity capreslocal
solutions depending on the initialization (e.g. Chan-Vessegmentation
model).
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Our Contribution

"Convexi cation": we will present convex relaxation techniques to nd
exact global solutions of geometric non-convex problems.

Main advantagesof our convexi cation framework:
1. Guarantee to nd global solutions, independent of the initialization

2. Fast optimization algorithms using continuous optimization, whie was
viewed as slow but are now very fast

3. Accurate solutions (sub-pixel precision) due to ability to use comtuous
formulation independent of grid discretization

Generally, it is di cult to get all three advantages simultareously!
) Our framework can guarantee all three in many cases.
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Discrete vs ContinuousGlobal Solutions & Speed

Algorithms for continuous/variational problems are generally based on the
descent method(PDE) s.a. the level set method.

PDE-based algorithms:

provide approximated solutions(to guarantee di erentiability of the
energy) and they areslow (CFL condition)

are usually trapped inlocal minima (because of the non-convexity)

Algorithms for discrete/combinatorial optimization problems:

are fast (with e.g. max ow-min cut/graph-cut algorithm of
[Boykov-Kolmogorov-04])

provide global solutions (independent of the initialization)

Up to recently, discrete algorithms were the only ones to prioke global
solutions and fast running timebut...
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Discrete vs ContinuousAccuracy

I Catenoid reconstruction by solving the minimal surface prah with given
boundary constraints [Cremers-et.al.-08]:

I Discrete methods are limited bydiscretization errors
The 6-neighborhood graph cuts methodails to reconstruct the catenoid.

The 26-neighborhood has still visible taliscretization artifactsand is more
expensive
The continuous solution succeed# reconstruct the catenoid.
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Comparative Table

Figure: Comparison between our convexi cation method [Chan-etal-06,
Bresson-etal-07], the level set method [Osher-Sethian-8Band the graph-cut method
[Boykov-Kolmogorov-04]

) Convex methods still developing (exciting & growing literare). They work
for several important problems but don't know how general it cabe.
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Organization of the talk

Our convexi cation method can compute fast, accurate and glat
solutions to these problems:

1. Two-phase segmentation problenfChan-Esedoglu-Nikolova-06,
Bresson-Esedoglu-Vandergheynst-Thiran-Osher-07]

2. Surface reconstruction problenjJe-Bresson-Goldstein-Osher-10]
3. Multi-phase segmentation probleniBrown-Chan-Bresson-10]

4. Image registration problem{Goldstein-Bresson-Osher-09]

5. Full Chan-Vese problenijBrown-Chan-Bresson-10]
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Two-Phase Image Segmentation
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Two-Phase Segmentation: Active Contour Models [Kass-&8)
Chan-Vese-01, etc]

I Chan-Vese model:

nZ z z o
min ds+ fcin Uo(x)) 2 dx + fcout Uo(x)) 2 dx
a {z—} n |—{z }
| = Z_} in {Wout
Per () | \fz } | V4 }
Area in() Area out ( N)

where and Cin; Cout are resp. the mean intensity in , n.
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Generalization

I General two-phase problem (active contours):
n o
min  Pery,()+ Area,n()+ Areayou( n)

The literature on active contour models provides (many) chass for the
functions wp, w™ and w,

Figure: Segmentation reproduced from [Ni-Bresson-Chan-Esedogh®9]. This
active contour model proposed functionsw'™™ and w°“ based on intensity
histograms and the Wasserstein distance.
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How to Convexify the Geometric Problem?

I The geometric optimization problem:
n o]
min  Pery,()+ Area,in()+ Areayou( n)

is not convex because thenergyand the collection ofgeometric sets
are not convex.

I We proceed in three steps [Chan-et.al.-06, Bresson-et-Ql7]:
1. Convexify the geometric sets
2. Convexifylrelax the energy

3. Prove that the solution of the relaxation problem providethe solution
of the original problem
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Convexify the geometric sets

I Convexi cation: geometric sets are replacedby continuous functions
u 2 R (the set of continuous functions is convex)

I The geometric connectionbetween and u is given by TV:

Z
TV (u) = jr uj

I Whenu=1 (indicator function of ) then TV (u=1 )= Per()
(Co-area formula [Federer-69])

R
I Weighted TV: TVyw(u) =  w(x)jr ujand TVy(u=1 )= Pery()
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Convexify the energy

n o
min  Fe()= Pery,()+ Area,n()+ Areayou( n) (G)

m
h z z z o
min Fo(uy=  wojr uj+ w'u+ w1 u
min o RU)= i uj @ u
=2 | 2
non-convex convex
+
n Z z 2z o
min Fe(uy=  wpjr uj+  w"u+  w®@ u) (V)
u2 [0;1]
[{z-} | —{z—} |z} | {z }
relaxation TV (U) < win:u> <wout;1 u>

) The min problemV is convex!
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The Guarantee of Global Solutions

I Theorem [Chan-etal-06, Bresson-etal-07]:

Suppose 4 is any minimizer of E(u), then the thresholded function

12> ; 2 (0;1]is also a global minimizer of the original geometric shape
problem.

I Sketch of proof:

Use the co-area formula to view the minimization problefd in terms of
level sets ofu instead of u.

Observe that the minimization problems over each level set adentical
and equivalent to the original geometric minimization problen®.
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Make it fast: Optimization Algorithm [Goldstein-Bressdbsher-09]

I Optimization problem:
n Z o

min  Fc(u) = Wpjr uj+ < wau >
u o] c(u) )l U] a

I Main diculty: TV is non-di erentiable.

I Solution: Operator splitting technique + alternating direction of
multipliers = fast algorithm.

I Operator Splitting (Compressed Sensing) [Wang-Yin-Zhang?,
Goldstein-Osher-08]:

z
min Wpjdj + < wa;u> suchthatd=ru
u2[0;1]; d2R2
| —{z—}
ji dj °

F(L;d)

19/35



Successive Minimizations

I Augmented Lagrangian approach:

Siliil;dkﬂ) =a;)rg minu;g+1F(u(;jE);r <bru d> +5jir u djis
=b+ru

I Alternating Direction of Multipliers [Douglas-Rachford-56,
Glowinski-Marocco-75]:
8

< Ut zargming F(u;d )+ < bru d¥> o+ 5jir u dYjj3
d“l =argming F(UL;d)+ < bN;r uktt d >+ e U dji
bk+l - bk +r uk+l dk+1

The previous iterative scheme (a.k.a. split-Bregman [Goldsh-Osher-08])
is equivalent to a splitting Douglas-Rachford algorithm othe dual )
guarantee to converggSetzer-09].
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Very Fast Implementation!

I Sub-minimization w.r.t. u:
min < u;we > + Sjir u d* + bNjj2
u

Fast solution with e.g. FFT or Gauss-Seidel.

I Sub-minimization w.r.t. d:
min jjdjjy" + Sjid rou*t bt

given by wavelet soft-thresholding [Donoho-95]:

d*** = shrinkw, (r u**" + b wp=)
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Experimental Comparisons

Experiments show very fast convergence time (experimental guatic
convergence).The code available ahttp://www.math.ucla.edu/  xbresson
Comparisons:

Level set method are at least 100 slower and computes non-optimal
solutions.

Graph-cut [Boykov-Kolmogorov-04]
Our algorithm is:
? on average 3 faster on CPU (p to 100 faster on GPY
? sub-pixel accurate
? can be easily parallelized (GPU)
? has low memory footprint
? but it requires a stopping criterion

Figure: Computational time on CPU is less than 0.1 sec
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3D Surface Reconstruction from Unorganized Points
[Ye-Bresson-Goldstein-Osher-10]

I Our convexi cation method cansolve e ciently the non-convex surface
reconstruction froblem

min Per() < N ;Np >; where N, is the orientation of the data points.
@
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Multi-Phase Segmentation Problem

I We just showed that the 2-phase segmentation problem can kelved
exactly [Chan-et.al.-06, Bresson-et.al.-07].

I Extension from 2-phase to N-phase isot straightforward!

I The multi-phase problem is a.k.a. the piecewise constant Muarfl-Shah
(1988) problem (continuous setting) and the Potts (1952) poblem
(discrete setting).

The Potts problem is aNP-hard problen

I Our contribution: a convex relaxation method that provides global
solutions in "most" cases(but not for some special problems s.a. triple
junctions).
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Multi-Phase Geometric Problem
I Shape optimization problem:

X
min Perw,( i)+ Area,i( i) ()

fig1 i n i=1
such that (1) no vaccum ( {L; i = ) and (2) no overlapping
( i\ i= 8i 6 j)

I How to convexify the non-convex optimization problem (?
We proceed (almost) as before:
1. Convexify the geometric sets
2. Convexifylrelax the energy

3. Prove that the solution of the relaxation problem providethe solution
of the original problemunder some condition
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Convexify the geometric sets

Convexi cation: like in 2-phase, werepresent n geometric sets ; with
continuous functions(there exist di erent wayse.g. [Zach-et.al.-08,
Lellmann-Schnorr-et.al.-08, Chambolle-Cremers-Pock-08,
Bae-Yuan-Tai-09]).

Representation we use[Vese-Chan-01}o represent 2" regions withm
functions (uq;:::; um). For example, 4 regions can be represented by 2

functions (u1; uy):
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Convexify the energy (1/2)

I Original four-phase problem:

X4
min Perw, ( i)+ Area,( i)
fig1 i a i1 a
equivalent to:
z z z
min o Wl Wi d i (s ue)
Ug;uz ,10.
e s z } o |—{z—}
non-convex convex non-convex

I We look for global solutions to this non-convexector-valuedoptimization
problem:
z

min ir 9j+ (4
42f 0;1g™m J J ( )

with t(X) = (u1; 3 Um)
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Convexify the energy (2/2)

Lifting [Goldstein-Bresson-Osher-09, Brown-Chan-Bresson-1(fe
vector-valued problem is embedded in laigher-dimensional space to deal
with the non-convexity.

t(x))  (x;~), where~ is m extra dimensions

Convexi cation: replace non-convex problem:

z
min jirdgj+ (o
42f 0;1g™m J J ( )
with this convex problem:
Z Z
rr;irc1 jr j+ (=)D™; setC is convex

Note: This lifting approach is a (non-trivial) vectorial generalizationof the
scalar lifting approach de ned by [Ishikawa-03, Pock-Cremz-etal-08].
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The guarantee of Global Solutions

I Theorem [Brown-Chan-Bresson-10]: Suppose’ is any minimizer of:
zZ Z
. L \[m
IT;IQ ~Jr j+ (=)D
I {z }
Q]

and the conditionF( %)= F(1 » ;) is satis ed.

Then the threshold function 1-» ; is aglobal minimizerof the original
non-convex multi-phase problem.

I Note: The condition F( ?)= F(1 » 1) has been satis ed in all our

experiments. The only experiment where the condition has failed in the
construction of the triple junction which is a NP-hard prokdm.
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Triple Junction

I There is no guarantee to reconstruct exactly the triple jution because
the F-condition isnot satised ! most threshold functions don't provide
the optimal solution. We observed that threshold :8 gives exactly the
optimum but we don't know the reason.
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Make it fast

I We have proposed an e cient optimization algorithm based on a
primal-dual approach s.a. [Arrow-Hurwicz-Uzawa-58, Popov-80,
Pock-et.al.-09, Esser-Zhang-Chan-09] which is guarantéé converge.

I Results (these are guaranteedlobal solutionsbecause the F-condition is
satis ed):

Figure: Medical imaging 512x512: computing time on GPU is0.1 sec

Figure: Natural image 525x404: computing time on GPU is0.07 sec
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Another Convexi cation result: Globally Convex Chan-Védedel
[Brown-Chan-Bresson-10]

I Our vectorial convexi cation method can solve théull Chan-Vese problem
[Chan-Vese-01]:
z z

min Per() + (c1 )+ (2 W)?
;C1:C2

Figure: Results areindependent of the initialization, unlike the original
Chan-Vese method.
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Another Convexi cation result: Image Registration
[Goldstein-Bresson-Osher-09]

I Our vectorial convexi cation method cansolve the non-convex registration

problem
z z

min - jr g+l la(w)j?
o

@ I () I2 (c) u

(d) (e) I2 (f) o

Figure: The proposed registration method is alsoindependent of the initialization.
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Related Works (Partial List)

Continuous setting:

Multi-phase segmentation problem: Minimal partition prob lem [Zach-et.al.-08,
Lellmann-Schnorr-et.al.-08, Chambolle-Cremers-Pock-@, Bae-Yuan-Tai-09,10]
and Mumford-Shah problem [Pock-Cremers-Chambolle-09]

Optical ow & Registration: [Zach-Pock-Bischof-07, Esser -09]
Surface reconstruction from multiple views: [Cremers-Esdoglu-et.al.-07]
Multi-Label/Stereo problem: [Pock-Cremers-et.al.-08]

Relation with the continuous max ow-min cut model of [Stran g-83]:
[Szlam-Bresson-09, Couprie-Talbot-Najman-Grady-09, Ba-Yuan-Tai-Boykov-10]

Theoretical aspects and relation with the calibration theory
[Alberti-Bouchitt-Dal Maso-99]: [Burger-Hintermller-0 6,
Chambolle-Pock-Cremers-08, Pock-Cremers-Chambolle-09

Discrete setting:

Two-phase segmentation: [Boykov-Jolie-01, Blake-Kolmogorov-et.al.-04,
Grady-06, Couprie-Talbot-Najman-Grady-09]

Multi-phase segmentation: [Boykov-Veksler-Zabih-01, Boykov-Kolmogorov-04,
Bae-Tai-09]

Multi-Label/Stereo problem: [Ishikawa-03]

Surface evolution [Boykov-Kolmogorov-Cremers-Delong-®,
Chambolle-Darbon-09]
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Conclusion

I We have introduced apowerful alternative to the level set method and the
graph-cut method for geometric problems in image processing.

I We have also proposed optimization algorithms that provide eient
solutions, i.e. fast, accurate, and optimal solutions

I Convexi cation: A new paradigm for Image Processing?

+

How general/ exible is this new framework?
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